In view of the mass spectrum of heavy mesons in vacuum the analytical properties of the solutions of the truncated Dyson-Schwinger equation for the quark propagator within the rainbow approximation are analysed in some detail. In Euclidean space, the quark propagator is not an analytical function possessing, in general, an infinite number of singularities (poles) which hamper to solve the Bethe- 
I. INTRODUCTION
The description of mesons as quark-antiquark bound states within the framework of the Bethe-Salpeter (BS) equation with momentum dependent quark mass functions, determined by the Dyson-Schwinger (DS) equation, is able to explain successfully many spectroscopic data, such as meson masses [1] [2] [3] [4] [5] , electromagnetic properties of pseudoscalar mesons and their radial excitations [6] [7] [8] [9] ) and other observables [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Contrarily to purely phenomenological models, like the quark bag model, the presented formalism maintains important features of QCD, such as dynamical chiral symmetry breaking, dynamical quark dressing, requirements of the renormalization group theory etc., cf. Ref. [22] . The main ingredients here are the full quark-gluon vertex function and the dressed gluon propagator, which are entirely determined by the running coupling and the bare quark mass parameters. In principle, if one were able to solve the Dyson-Schwinger equation, the approach would not depend on any additional parameters. However, due to known technical problems, one restricts oneself to calculations of the few first terms of the perturbative series, usually up to the one-loop approximation. The obtained results, which formally obey all the fundamental requirements of the theory, are then considered as exact ones, however, with effective parameters. This is known as the rainbowladder approximation of the DS equation. The merit of the approach is that, once the effective parameters are fixed, the whole spectrum of known mesons is supposed to be described on the same footing, including also excited states.
It should be noted that there exists other approaches based on the same physical ideas but not so sophisticated, e.g. employing simpler interactions, such as a separable interaction for the effective coupling [18] . Such approaches describe also fairly well properties of light mesons, nevertheless, the investigation of heavier mesons and excited states, consisting even of light u, d and s quarks, requires implementations of more accurate numerical methods to solve the corresponding equations.
In the present paper we investigate the prerequisites to the interaction kernel of the combined Dyson-Schwinger and Bethe-Salpeter formalisms to describe the meson mass spectrum including heavier mesons and excited states as well. Particular attention is paid to the charm sector which, together with the baryon spectroscopy, is a major topic in the FAIR research programme. Two large collaborations at FAIR [23, 24] plan precision measurements. Note that it becomes now possible to experimentally investigate not only the mass spectrum of the mentioned mesons, but also different processes of their decay, which are directly connected with fundamental QCD problems (e.g., U(1) axial anomaly, transition form factors etc.) and with the challenging problem of changes of meson characteristics at finite temperatures and densities. The latter is crucial in understanding the di-lepton yields in nucleus-nucleus collisions at, e.g., HADES. All these circumstances require an adequate theoretical foundation to describe the meson spectrum and the meson covariant wave functions (i.e. the BS partial amplitudes) needed in calculations of the relevant Feynman diagrams and observables. 
II. BETHE-SALPETER AND DYSON-SCHWINGER EQUATIONS
A. Bethe-Salpeter equation
To determine the bound-state mass of a quark-antiquark pair one needs to solve the BetheSalpeter equation, which in the ladder approximation (hereafter referred to as truncated BetheSalpeter (tBS) equation) and in Euclidean space reads
with Γ being the BS vertex function and
are the inverse propagators of two quarks, which interact via gluon exchange encoded in
The vertex function Γ(P, k) is a 4 × 4 matrix and, therefore, may contain 16 different functions. The general structure of the vertex functions describing bound states of spinor particles has been investigated in detail, for example, in [25, 26, 28] . To release from the matrix structure, the vertex function Γ is expanded into functions which in turn are determined by angular momentum and parity of the corresponding meson known as the spin-angular harmonics [12, [25] [26] [27] :
With Eq. (2) it can be shown [26, 27] that the integral matrix form of the BS equation (1) 
B. Dyson-Schwinger equation
The coupled equations of the quark propagator S, the gluon propagator D µν and the vertex function Γ µ are often considered as integral formulation being equivalent to full QCD. While there are attempts to solve this coupled set of DS equations by some numerical procedures, for certain purposes some approximations [3, 20, 22] Often one employs an approximation which corresponds to one-loop calculations of diagrams with the full vertex function Γ ν , substituted by the free one, Γ ν (p, k) → γ ν (we suppress the color structure and account cumulatively for the strong coupling later on). In Euclidean space the quark propagator obeys then the tDS equation
where S 
C. Choosing an interaction kernel
This truncation, known also as the ladder rainbow approximation, has been widely used to study the physics of dynamical chiral symmetry breaking [2] , decay constants [3] [4] [5] [6] [7] and other observables [8, [10] [11] [12] and has been found to provide a good agreement with experimental data. The employed vertex-gluon kernel in the rainbow approximation is also known as the Maris-Tandy (MT) model [2] . It is chosen here in the form [2, 3, 19, 21 ]
where the first term originates from the effective infrared (IR) part of the interaction determined by soft non-pertubative effects, while the second one ensures the correct ultraviolet (UV) asymptotic behaviour of the QCD running constant. A detailed investigation of the interplay of these two terms has shown [5, 31] that the IR part is dominant for light u, d and s quarks with a decreasing role for heavier quark masses (c and b) for which the UV part may be quite important in forming meson masses M> 3 − 4 GeV as bound states. In the present paper we focus on mesons with masses M< (2 − 3) GeV which consist of at least one light quark and for which the UV term can be seemingly neglected. However, in spite of its minor contribution to meson masses, formally the UV term guaranties the correct asymptotic behaviour of the kernel and in principle it must be included even in case of light quarks forming mesons.
D. The relevant region for the tDS equations
In a first step in our investigation we disregard the UV term and study the analytical properties of the corresponding propagator functions obtained with the IR term solely (cf. also
Refs. [5, 19, 32] ). Then we reconcile the results with the UV term in the kernel in Section V.
As mentioned above, we are interested in the analytical structure of the propagator function S(p) inside and in the neighbourhood of the complex momentum region in Euclidean space dictated by the tBS equation. This momentum region is displayed as the dependence of the imaginary part of the quark momentum squared Im p 2 on its real part Re p 2 determined by the tBS equation. In terms of the relative momentum k of the two quarks residing in a meson the corresponding dependence is
determining in the Euclidean complex momentum plane a parabola Im p Table III . Axes are in units of (GeV/c) 2 .
integration and, as a consequence, parametrizations by rational functions are not possible. Nevertheless, even in this case, if the propagator functions have only isolated poles with known locations and residues, then calculations can be significantly simplified by splitting the singular functions into two terms, one analytical in the considered region the other one having a simple pole structure, as discussed below.
E. Propagator functions
Coming back to the tDS equation (3) we mention that it is a four dimensional integral equation in matrix form. Simplifications can be achieved by exploiting specific decompositions of the quark propagator. Then one decomposes the kernel over a complete set of basis functions, performs analytically some angular integrations and considers a new system of equations relative to such a partial decomposition. To be specific, we recall that the calculation of the renormalized Feynman diagrams leads to a fermion propagator depending on two functions, e.g. the renormalization constant Z 2 and the self-energy Σ(p). Instead of Z 2 and Σ(p) one can introduce other two quantities A(p) and B(p) or, alternatively, σ s (p) and σ v (p). The latter ones will be often addressed in the present paper to as the propagator functions. In terms of these functions the dressed quark propagator S(p) reads [3, 32] 
with
The resulting system of equations to be solved is (for details see Ref. [12] ; here we display only the formulae for the IR part of the kernel)
where z = 2pk/ω 2 and I (s) n (z) are the scaled (as emphasized by the label "(s)") modified Bessel functions of the first kind defined as I (s)
The resulting system of one-dimensional integral equations Eqs. (8) and (9) can be solved numerically by an iteration method. Independent parameters are ω, D and m q . We find that the iteration procedure converges rather fast and practically does not depend on the choice of the trial start functions for A(p) and B(p).
In our subsequent analysis we employ the effective parameters from Refs. [19, 21] , ω = 0.5
GeV and D = 16 GeV 1 In Ref.
[34] the situation is described by the phrase "the ladder-rainbow model kernel has deficiencies in the heavy quark region that are masked in QQ mesons but are plainly evident in qQ mesons". If one attributes "deficiencies" with singularities in the propagator functions, it is the light-quark propagator which causes the problems in composites at energy scales 1 GeV.
As evident from Fig. 1 From eqs. (8) and (9) it is explicitly seen that, in the right hemisphere, the integrals in the DS equation converge. That means, an analysis of the behaviour of the solution for Re p 2 > 0 for large |p 2 | can be accomplished directly by means of Eqs. (8) and (9), i.e. one can perform a rotation of the real axis by an angle φ p < π/4 (for p 2 , the rotation angle corresponds to hemisphere, i.e. at Re p 2 < 0. It should be pointed out that an analogous rotation of axes to this region, where φ p 2 > π/2, is impossible since, as seen from Eqs. (8) and (9) 
to determine A(p 2 ) and B(p 2 ) in any other desired point, see Ref. [20] . Consequently, we proceed with an analysis of the domain of analyticity of A(p 2 ), B(p 2 ) and σ s,v (p 2 ) in the region
We begin with an analysis of properties of the propagator of the c quark for which, as we found in our previous calculations [12] , the procedure of solving the BS for M< 2 GeV is rather stable. This is a hint that the solutions A(p 2 ) and B(p 2 ) and the propagator functions 
where {α i } is the set of free parameters, to be found by fitting the solution along the real axis, see e.g. Ref. [35] . In Fig. 4 we exhibit the behaviour of σ s,v (p 2 ) along the real axis which are used in further parametrizations. The propagator functions are smooth and obey a simple form which inspires the following choice for the parametrization
where the complex parameters α i and β i can be easily obtained by fitting the corresponding solution along the real axis of p 2 . We use the Levenberg-Marquardt algorithm for fitting. We find that for each function in Eq. (11) two terms, i.e. eight parameters for each function, are quite sufficient to obtain a good approximation of the solution. In Table I we present the sets of parameters α 1,2 (s, v) and β 1,2 (s, v) obtained for σ s and σ v , respectively, from a fit in the interval
The quality of the fit is demonstrated in Fig. 4 , where the dashed lines represent the obtained approximation to the corresponding exact propagator functions (solid curves). In the interval −1.5 (GeV/c) 2 < p 2 < 10 (GeV/c) 2 , the achieved fit For m q = 1 GeV.
is excellent. Then we randomly calculate the propagator functions at complex values of p 2 by solving numerically (8) and (9) and compare with parametrizations (11). The agreement is impressively good. (It should be noted, however that, since the parametrized functions are of a rather simple shape, the set of obtained parameters {α i } and {β i } is far from being unique, i.e. one can achieve a similar quality of the fit with many other choices of {α i } and {β i }.
The only restriction is that the "mass" parameters {β i } must not provide singularities, neither along the real axis, nor in the complex plane inside the parabola, see also Ref. [36] .) In essence, Eq. (11) with parameters in Table I on its closing contour γ, they can be represented as
where σ s,v (p 2 ) are analytical functions within the considered domain and, consequently, can be computed as
Then, Eqs. (12) and (13) imply that, in solving the BS equation, the first term in (12) is free of singularities and does not require modifications of the numerical procedure; the second term also does not cause numerical troubles since integrations can be performed analytically. A similar strategy in solving numerically the tBS equation in presence of poles has been proposed in Ref. [5] .
IV. THE POLE STRUCTURE OF SOLUTIONS OF THE tDS EQUATION
In order to be able to use the representation (12) on needs to know the positions of poles and the corresponding residues of the propagator functions. To this end we solve the decomposed tDS equations (8) and (9) for A(p 2 ) and B(p 2 ) and investigate the above mentioned scalar part In Fig. 5 we present a few selected regions of the Re p−Im p plane, where the vector field of Π(p 2 ) has been found to exhibit vortex-type structures. Clearly, the zeros and singularities must be searched for in the vicinity of these vortices. The force line method, as other methods such as contour plots or three dimensional visualizations, are useful for surveys.
B. Allocation of singularities
The further strategy of finding the positions of singularities more accurately is as follows:
(i) Choose a vortex, enclose it with a contour and compute the Cauchy integrals of A(p 2 ), B(p 2 ) and Π(p 2 ). Vanishing integrals imply that these functions are analytical within the chosen contour.
(ii) Compute the Rouché's integral 2 of the function Π(p 2 ). Since in the previous item we found Π(p 2 ) to be analytical, such an integral, according to the Rouché's theorem, gives exactly the number of its zeros inside the contour.
(iii) Compute the Cauchy integral of the propagator functions σ s,v (p 2 ) which, if the Rouché's integral is found to be an integer positive number, clearly must be different from zero. Moreover, the non-zero Cauchy integrals provide us with the residues needed in Eq. (12) . To find the desired singularities we compute the following integrals 2 Rouché's integral of an analytical complex function f (z) on a closed contour γ is defined as 
1 2πi
(an effective algorithm for numerical evaluations of Cauchy-like integrals can be found in, e.g.
Ref. [38] ). Then we squeeze the contour around the chosen vortex while holding the conditions Results of our calculations are presented in Table II and Figs. 1 and 6. From Table II and Figs. 1 and 6 it is seen that for M< 1 GeV all singularities in the light quark propagator are located outside the parabola. This allows to establish easily reliable algorithms for solving numerically the tBS equation [12] for such a case. For larger meson masses, e.g. M∼ 2 GeV, the singularities are either within the tBS domain (5), or in the close vicinity (see Fig. 1 , right panel) and, as a result, the numerical procedure adequate for low masses requires a proper modification. We can take advantage of the fact that, for meson masses 0.14rmGeV < M2 GeV, the number of singularities is not too large and one can combine Eqs. (11) and ( (12)) in such a manner that the regular part σ s,v (p 2 ) can be used as above without modifying the algorithm. The pole part, however, for heavier quarks allows to carry out the With these calculations our analysis of the pole structure is completed. Let us remind the prepositions: (i) tDS equation Eq. (3), restricted to the momentum range relevant for mesons asbound states, (ii) tBS equations and M< 3 GeV, (iii) combined vertex-gluon kernel (4) with IR part only.
V. IMPACT OF THE UV TERM
An unpleasant fact is to be noted here. As seen from the Table II the fourth pole is located exactly on the real axis, hence formally violating confinement. Presumably this is due to the simplified interaction we used so far, i.e. ignoring the UV term in Eq. (4). We reiterate that, in spite of the minor contribution of the UV term for meson masses with light quarks according to Refs. [12, 19, 31] , it can formally improve the behaviour of the solution on the real axis.
Indeed, an analysis of the solution of the tDS equation along the real p 2 axis with the UV term taken into account shows that, at least in the considered domain, the pole singularities of the propagator functions disappear. However, instead it turns out that with both, IR and UV, terms the new solutions A(p) and B(p) are not anymore analytical even for Re p 2 > 0, as evidenced by logarithmic branch point singularities mentioned in [40] . In the present paper we do not discuss the physical meaning and mathematical implications of such singularities in the complex plane. Instead, we try to reconcile the absence of singularities on the real axis with analyticity of A(p) and B(p) in the complex plane, i.e. to keep the logarithmic term only either on or in a close vicinity of the real p 2 axis making it vanishing at larger Im p 2 . This can be accomplished by multiplying the UV term by a damping function which is equal to unity on the real axis and vanishes elsewhere. Such a procedure has been proposed, e.g. in Ref. [30] , to manipulate the IR and UV structure of the ghosts in dressing the gluon propagator. In such a manner the solution along the real axis preserves the correct ultraviolet behaviour. Then, the new solution is used to compute the tDS integrals in (8) and (9) Table II . For completeness, the corresponding poles and residues for the s quark are also displayed (bottom part). Furthermore, the knowledge of the analytical structure of the quark propagators is important for designing appropriate phenomenological kernels since it is related to such fundamental characteristics of QCD as confinement and dynamical chiral symmetry breaking phenomena encoded in the chiral condensate being the trace of the quark propagator.
